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Chern insulator is a building block of many topological quantum matters, ranging from quantum
spin Hall insulators to fractional Chern insulators. Here, we discuss a new type of insulator, which
consists of two half filled ordinary Chern insulators. On the one hand, the bulk energy spectrum is
obtained from folding that of either Chern insulator. Such folding gives rise to a nodal boundary of
the Brillouin zone, at which the band crossing is protected by the symmetries of the two-dimensional
lattice that is invariant under combined transformations in the spatial and the spin space. It also
provides one a natural platform to explore the non-abelian Berry curvature and the resultant quan-
tum phenomena. On the other hand, these two underlying Chern insulators are distinguished from
each other by nonsymmorphic operators, which lead to intriguing properties absent in conventional
Chern insulators. A new degree of freedom, the parity of the nonsymmorphic symmetry, needs
to be introduced for describing the topological pumping, if the edge respects the nonsymmorphic
symmetry .
In the band structure of a crystal, if different bands are
separated from each other by finite band gaps, a Chern
number[1], which is the integral of the abelian Berry cur-
vature in the Brillouin zone (BZ), can be assigned to each
individual band. A Chern insulator[2] arises if filling elec-
trons to these bands leads to a finite total Chern num-
ber. Such Chern insulators are fundamental elements of a
wide range of topological quantum matters[3–5]. For in-
stance, one may obtain quantum spin Hall insulators [6–
8] by assembling two insulators with both opposite spins
and Chern numbers. Introducing interactions, fractional
Chern insulators may emerge, in analogy to fractional
quantum Hall states[9–13].
The study of topological matters using ultracold atoms
has been growing fast in the past a few years[14, 15].
Using highly controllable atomic samples, a number of
fundamentally important theoretical models have been
realised, such as the Harper-Hofstadter model with a
large magnetic flux per unit cell[16, 17] and the topo-
logical Haldane model[18]. Meanwhile, many topological
quantum quantities or phenomena, which are difficult to
trace in solids, have been directly observed. For instance,
both Zak phase and Chern numbers have been directly
measured in optical lattices[19, 20]. Topological charge
pumping has also been realised recently [21, 22]. Whereas
most of the current studies have been focusing on abelian
topological matters, it is promising that ultracold atoms
may provides physicists a platform to explore non-abelian
topological matters, as well as new quantum states and
phenomena that have not been studied in the literature.
In this Article, we study a new type of topological mat-
ter, whose bulk energy spectrum consists of two half filled
ordinary Chern insulators. The band structure can be
obtained from folding of that of either Chern insulator,
which has BZ doubling the one of the realistic system.
As a result of the folding, energy bands form pairs and
touch at the whole zone boundary. Moreover, such nodal
boundary is protected by the symmetries of the two-
dimensional lattice. One is a nonsymmorphic symmetry,
a combination of shifting the lattice by half of the lattice
spacing and a rotation of the spin. This nonsymmorphic
symmetry distinguishes the two underlying Chern insula-
tors and gives rise to intriguing properties of the system
that are absent in ordinary Chern insulators. The other
is also a combination of transformations in the spatial
and the spin space, a mirror reflection and correspond-
ing flips of spin. Since the band gap closes at the nodal
boundary, non-abelian Berry curvature is required for de-
scribing the topological properties of the band structure.
This system thus allows one to explore quantum dynam-
ics controlled by non-abelian Berry curvature, which has
two characteristic features. First, the drift of wave packet
in the momentum space is accompanied by the change of
the occupation in different bands, which can be viewed as
a rotation of a pseudospin determined by Wilson line[23],
the line integral of the non-abelian connection. Second,
the first Chern number, which is the integral of the trace
of the non-abelian Berry curvature, in our system is found
to be 1. The charge transferred in single pumping pe-
riod is thus quantised to one, though the contribution
from each individual half-filled Chern insulator is not
quantised. Whereas the bulk properties are readily rich,
we also consider edge states of a finite system. Distinct
from a conventional Chern insulator, the number of edge
states along the edges, which respect the nonsymmorphic
crystalline symmetry, depends on the momentum, since
the edge BZ is also the one folded from that of an or-
dinary Chern insulator. More importantly, if the edge
respects nonsymmorphic crystalline symmetry, the topo-
logical pumping acquires a new degree of freedom, the
parity of the nonsymmorphic symmetry, in addition to
charge.
The model and its realisation We consider a four-
band tight binding model defined in a two-dimensional
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2checkerboard lattice. The Hamiltonian reads
Hˆ = (
∑
σ=↑↓
Tˆσ) + Tˆ+ + Tˆ− + Vˆ , (1)
where Tˆσ = t
∑
〈m,m′〉
(
aˆ†mσ bˆm′σ + H.c.
)
describes the
spin-independent tunnelling t between a A(B) sublattice
sites and its four nearest B(A) sublattice sites. aˆ†mσ (
bˆ†mσ) is the creation operator for σ =↑, ↓ at a A (B) sub-
lattice site m. To be explicit, m′ = m,m−x,m+y,m−
s, where x = dxˆ, y = dyˆ, and s = x − y have been de-
fined and xˆ(yˆ) is the unit vector along the x(y) direction,
as shown in Fig. 1. Vˆ = mz
∑
m
(
aˆ†m↑aˆm↑ + bˆ
†
m↑bˆm↑ −
aˆ†m↓aˆm↓ − bˆ†m↓bˆm↓
)
is the Zeeman energy. The spin flip
terms Tˆ± are written as
Tˆ+ = t
′∑
m
(
aˆ†m↑bˆm↓ − aˆ†m↑bˆm−s,↓
−iaˆ†m↑bˆm+y,↓ + iaˆ†m↑bˆm−x,↓ + H.c.
)
, (2)
Tˆ− = t′
∑
m
(
aˆ†m↓bˆm↑ − aˆ†m↓bˆm−s,↑
+iaˆ†m↓bˆm+y,↑ − iaˆ†m↓bˆm−x,↑ + H.c.
)
, (3)
where t′ is the inter-spin tunnelling amplitude. The
Hamiltonian in the momentum space is written as Hˆk =
Ψˆ†kH(k)Ψk, where Ψˆ
†
k = (aˆ
†
k↑, bˆ
†
k↑, aˆ
†
k↓, bˆ
†
k↓), and
H(k) =

mz Ωke
iθk 0 Nke
iθk
Ωke
−iθk mz −Nke−iθk 0
0 −N∗keiθk −mz Ωkeiθk
N∗ke
−iθk 0 Ωke−iθk −mz
 .
(4)
Ωk = 2t
[
cos
(kx−ky)d
2 + cos
(kx+ky)d
2
]
, Nk =
2it′
[
sin
(kx−ky)d
2 − i sin (kx+ky)d2
]
, and θk =
(ky−kx)d
2 .
The above Hamiltonian can be block-diagonalised,
yielding
H˜(k) =

mz + Ωk −Nk 0 0
−N∗k −mz − Ωk 0 0
0 0 mz − Ωk Nk
0 0 N∗k −mz + Ωk
 .
(5)
It is apparent that each 2× 2 block is a standard Hamil-
tonian for a Chern insulator with Chern number ±1 if
|mz/t| < 4. We define them as H±(k). The BZ of H±(k)
doubles the one of H(k), and meanwhile, H+(k) =
H−(k+G), where G = (± 2pid , 0) or (0,± 2pid ) is a recip-
rocal lattice vector of H(k). Eq. 5 tells one that the sys-
tem is composed of two Chern insulators, and the band
structure of H(k) can be viewed as the one folded from of
H+(k) or H−(k). Such folding can also be seen from the
real space (See the supplementary material). By a sim-
ple transformation, bˆ†m↓ → −bˆ†m↓, one sees that the tight
binding model becomes the one for a Chern insulator, the
Hamiltonian of which in the momentum space is H+(k).
Alternatively, the transformation bˆ†m↑ → −bˆ†m↑ gives rise
to H−(k). Since these transformations actually halve the
unit cell, folding the energy spectrum of H+(k) or H−(k)
gives rise to the band structure of the realistic system,
i.e., the eigenstates of H(k). In addition, H±(−kx, ky) =
SH∗±(k)S
† and H±(kx,−ky) = S†H∗±(k)S, where S =
diag(1, i). Thus both H+(±pid , ky) = H−(±pid , ky) and
H+(kx,±pid ) = H−(kx,±pid ) are satisfied, and band cross-
ing occurs through the whole BZ boundary, as shown in
Fig. 2. At M point, k = (pid ,
pi
d ), the two linear band cross-
ings along the kx and ky directions merge into a quadratic
band touching point, i.e., the energy difference between
the lowest (highest) two bands ∼ tqxqy, where qx and
qy are the momenta measured from the M point along
kx and ky directions, respectively. Unlike the ordinary
nodal lines or nodal rings in other systems [24, 25], here
we have nodal boundary to enclose the first BZ. Fig. 2
also shows that the lowest two bands of H(k) in the first
BZ are contributed by H+(k) and H−(k), respectively.
For a band insulator with one particle per spin per unit
cell, either the lowest band ofH+(k) orH−(k) is only half
filled. This insulator is thus formed by assembling two
half-filled Chern insulators in the momentum space in a
unique means. As discussed later, these two insulators
are distinguished from each other by a nonsymmorphic
symmetry, which leads to a variety of unique properties
of the systems in both the momentum and the real space.
The model shown in Eq. 1 can be realised using a num-
ber of schemes in ultracold atoms. In the main text,
we focus on one scheme that has been realised in cur-
rent experiment[26], the corresponding Hamiltonian in
the real space is written as
H(r) =
[
p2
2M
+V (r)
]
σ0+Ωx(r)σx+Ωy(r)σy+mzσz, (6)
where V (r) = V
[
cos2 pi(x−y)d + cos
2 pi(x+y)
d
]
describes
an ordinary square lattice with lattice spacing d/
√
2
for spin-up and spin-down fermions, and Ωx(r) =
Ω cos pi(x−y)d sin
pi(x+y)
d ,Ωy(r) = −Ω sin pi(x−y)d cos pi(x+y)d
with Ω representing the Raman coupling strength. A fi-
nite Ω doubles the unit cell. We find that in the limit
where the Raman coupling strength is much weaker than
the band gap between the s and p bands of the square
lattice, the exact band structure and topological proper-
ties of the system are well captured by the tight-binding
model described before. Eq. 6 was recently produced in
reference [26]. However, reference [26] just explored half
of the four bands in the first BZ. Thus, the band crossing
at the zone boundary and the resultant non-abelian topo-
logical properties were not studied. Also, to measure the
Chern number, a proper method based on non-abelian
Berry curvature should be used, as discussed below. An
alternative experimental scheme for realising the same
3nodal boundary in the momentum space is presented in
the supplementary material.
The existence of the nodal boundary can also been
understood from the symmetry. We define a non-
symmorphic operator Gx−y = Txˆ(d2 )Tyˆ(−d2 )Rpi2 , where
Txˆ(l)(Tyˆ(l)) is the translation along the x(y) directions
for a distance l, and Rpi
2
= e−i
pi
2 σz is spin rotation about
the z axis for pi. Since under the transformation Gx−y:
x→ x+d/2, y → y−d/2, σx → −σx, σy → −σy, one ob-
serves that [H,Gx−y] = 0. As G2x−y = Txˆ(d)Tyˆ(d)Rpi
has the eigenvalue −ei(kx−ky)d, where the minus sign
comes from rotating a spin-1/2 for 2pi, one conclude
that Gx−yΨnk(r) = ±iei(kx−ky)d/2Ψnk(r), where Ψnk(r)
is the Bloch function with band index n and quasi-
momentum k. Similarly, we obtain [H,Gx+y] = 0 and
Gx+yΨnk(r) = ±iei(kx+ky)d/2Ψnk(r), where Gx+y =
Txˆ(
d
2 )Tyˆ(
d
2 )Rpi2 . This is not surprising, since Gx+y =
Gx−yTyˆ(d), and H is commutable with both Tyˆ(d) and
Gx−y(d). Nonsymmorphic crystalline symmetry has
been considered in a variety of systems[27–30]. Here,
we have the nonsymmorphic crystalline symmetry along
both directions in this two-dimensional lattice. As the
momentum changes by 2pi/d along either the kx or
ky direction, + and − in front of the eigenvalues of
Gx−y or Gx+y must switch with each other, one con-
clude that there must be band crossing in BZ. More-
over, there are additional symmetries along x and y direc-
tions, which are represented by Mx : x → −x, σx ↔ σy
and My : y → −y, σx ↔ −σy, respectively. Follow-
ing the argument in reference[29], one concludes that
such band crossing must occur at the zone boundary, as
MyGx−y = Tyˆ(d)Gx−yMy (MxGx+y = Txˆ(d)Gx+yMx)
so that Gx−y(Gx+y) and Mx(My) are anti-commutable
at kx = ±pi/d (ky = ±pi/d). The system thus has a
double degeneracy at the zone boundary, i.e., a nodal
boundary to enclose the first BZ.
Using λx±y to denote the sign of the eigenvalues of
operators Gx±y, one sees that λx+y = λx−y, as Gx+y =
Gx−yTyˆ(d). We thus define λ = λx+y = λx−y, which is
referred to as the parity of the nonsymmorphic symmetry.
The wave functions of ground and first excited bands,
Ψ1k(r) and Ψ2k(r), have λ = + and −, respectively, in
the case of mz/t > 0. It is worth mentioning that the
difference of λ between these two bands is measurable
(Supplementary Materials).
Non-abelian Berry curvature and Wilson loop
Due to the band crossing at the zone boundary, the
abelian Berry curvature is no longer capable for describ-
ing the topological properties of the system, and non-
abelian Berry curvature is inevitably required. Under
the condition that w  ∆, where w is the total band
width of the lowest two bands and ∆ is band gap be-
tween the second and the third bands, the lowest two
bands are nearly degenerate and the highest two ones
can be ignored. Non-abelian Berry curvature is defined
FIG. 1: Tight binding model. (A) Schematics of the tunnel-
ings. Red and blue dots represent A and B sublattice sites.
Pink and orange arrows represent intra- and inter-spin tun-
nellings, t and t′, respectively. 1, i, −1, and −i denote the
phases of t′ along different directions. A unit cell has been
highlighted using yellow colour. (B) m represents the coor-
dinates of A sublattice sites. Its four nearest-neighbour B
sublattice sites are denoted as m, m−x m+y, m− s. A ba-
sis is highlighted using green colour. Brown arrows represent
the spatial part of the nonsymmorphic transformation Gx±y.
(C) Schematic of the tunnelling along the xˆ− yˆ and the xˆ+ yˆ
directions, respectively. The numbers ±1 and ±i represent
the phase of the inter-spin tunnelling along the direction of
the arrows.
FIG. 2: Band structure. (A) Band structure of the Raman
dressed lattice contains contributions from two Chern insu-
lators, which correspond to H+(k) (red) or H−(k) (blue),
respectively. It thus can be regarded as that folding from one
of these two Chern insulators. We use the tight-binding pa-
rameters as t′ = t,mz = −3t. The lowest (highest) two bands
touch at the BZ boundary, regardless of the values of t, t′ and
mz. (B) BZ of the reciprocal lattice, where the blue and green
regions are the 1st and 2nd BZs, respectively. The big square
is the BZ of the Chern insulators corresponding to H+(k) or
H−(k). The bold frame represents the nodal BZ boundary
where two bands touch. (C) The energy spectrum along the
line ky = 0 in (A). The purple arrows in (B) and (C) denote
the reciprocal lattice vector G = (2pi/d, 0) for the folding.
as[4]
F = ∇k ×A− iA×A, (7)
where Anm = i 〈unk| ∇k |umk 〉 is the non-abelian Berry
connection, and |unk〉 is the periodic Bloch function with
band index n. It determines the dynamics of wave
4packets uploaded to the system [31]. Preparing an
atomic cloud, say, a Bose-Einstein condensate at an
initial momentum state ki, and applying an external
force, Fext, whose strength satisfies w  |Fext|d  ∆,
the wave packet dynamics is dominated by the low-
est two bands. We define the wave packet as |w〉 =∑
k
(
αk
∣∣ψ1k〉+ βk ∣∣ψ2k〉), where |ψnk〉 is the Bloch func-
tion for n-th band, and ηk = (αk, βk)
T with |αk|2 +
|βk|2 = 1 may be regarded as a pseudospin index. To
simplify the notations, we have assumed a delta function
wave packet in the momentum space. The semiclassical
dynamics is described by equations [31],
h¯k˙ = Fext, (8)
h¯r˙ = ∇k〈w|Hk|w〉 − h¯k˙× η†kFηk, (9)
ih¯η˙k = −h¯k˙ ·Aηk, (10)
which shows that the movement in the momentum space
is accompanied by the change of ηk, i.e., the rotation of
the pseudospin reflecting the non-abelian nature of the
dynamics.
Eq. 10 can be written as ηkf = Wki→kf ηki , where
Wki→kf = Pei
∫ kf
ki
A·dk
is the Wilson line[23], and P is
the path-ordering operator. Tracing ηk thus allows one
to reconstruct Wilson line, as shown in a recent experi-
ment [32]. One could also explore the Wilson loop of this
system, which is defined as
W = Pei
∮
A·dk. (11)
For a Wilson loop shown in Fig. 3, if one chooses ηki =
(1, 0)T , |W11|2 and |W21|2 correspond to the probabilities
in the first and second bands, respectively. The step
function-like |W11|2 and |W21|2 reflect the fact that λ
is conserved in the evolution, and the lowest two bands
cross with each other at the BZ boundary[30]. We find
out that the explicit form of the Wilson loop in Fig. 3A
is written as
W =
(
eiϕ− 0
0 eiϕ+
)
, ϕ+ + ϕ− =
∫
S
tr(F) · dS. (12)
where
∫
S
is the integral within the area enclosed by the
Wilson loop. Though W is gauge dependent, and W →
U†WU after a local transformation of the basis, if S is
the whole first BZ, its U(1) part, ei(ϕ++ϕ−)/2 remains
unchanged and is given by the first Chern number, as
shown later.
Chern number and anomalous velocity The last
term in Eq. 9 describes the anomalous velocity [4, 31].
Considering an insulator with fermions fully filling up
the lowest two bands, the average anomalous veloc-
ity per particle is given by the integral of the trace
of the non-abelian Berry curvature, va = − d24pihFext ×∫
BZ
tr(F)dkxdky. Applying a dragging force, Fext = fyˆ,
to the atomic cloud along the y direction, one gets the
FIG. 3: Wilson loop. (A) The oriented yellow dashed line
represents a loop in the momentum space, which intersects
with the nodal boundary (bold black lines) for four times.
Γ0 is the centre of the 1st BZ, and Γ1,2,3 are its equivalent
points. (B) Probabilities of the final state on the first and
second bands, P1 (blue solid) and P2 (red dashed), if the
initial state is prepared as ηki = (α, β)
T . The parameters of
the tight-binding model are the same to those in Fig. 2.
transverse velocity,
va = − d
2
2h
fCxˆ ≡ −vaxxˆ (13)
where
C =
1
2pi
∫
BZ
tr (Fz) dkxdky, (14)
is the first Chern number of the non-abelian system.
Eq. 13 allows one to experimentally measure the Chern
number using the anomalous velocity along the trans-
verse direction when dragging an atomic cloud, similar to
the abelian case studied in a recent experiment[20]. Using
the particle density ρ = 2/d2, one could also obtain an ef-
fective Hall conductance, σxy = jx/Ey = qρvax/(f/q) =
Cq2/h, where the charge q for neutral atoms can be set as
1 or replaced by the mass m for describing mass current.
Using the exact solution of the Hamiltonian, C in our
system is found to be 1. Such Chern number can also be
understood from the block-diagonalised Hamiltonian in
Eq. 5. As discussed before, such equation tells one that
our system can be viewed as a composition of two Chern
insulators governed by H+(k) and H−(k), respectively.
One thus compute the Chern number of each of them us-
ing the corresponding periodic Bloch functions, |u±k 〉. It
is obtained from integrating the abelian Berry curvatures
F± = ∇k ×A± with A± = i
〈
u±k
∣∣∇k ∣∣u±k 〉 as
C ′± =
1
2pi
∫
BZ′
F±z dkxdky = 1, (15)
where BZ′ denotes the BZ of H+(k) and H−(k). Since
BZ′ doubles BZ of the system, i.e., the one of H(k),
5Chern number of either of them is not well defined in
the first BZ of the system. Nevertheless, because of the
relation H+(k) = H−(k+G), one obtains
C+g + C−g = 1, (16)
where the subscript g denotes the ground bands of H+
and H−, and
C±g =
1
2pi
∫
BZ
F±z dkxdky. (17)
This observation tells one that, though the Chern num-
ber, which controls the contribution to the charge pump-
ing from each individual Chern insulator is not quantised
in a single pumping period, the sum of their contribu-
tions gives a well defined quantised Chern number and
thus charge pumping. This picture is also useful for un-
derstanding the Wilson loop in Eq. 12. As λ = ± is
conserved along the loop, in the basis of eigenstates of
H±(k), Wilson loop is diagonal, and the phase accumu-
lated is given by 2piC±g, the sum of which is indeed the
trace of Fz.
If one could selectively populate different bands, even
more interesting phenomena may occur. Instead of filling
up the lowest two bands, now consider filling up the first
and third bands, which corresponds to the ground and
excited bands of H+ and H−, respectively. Since the
Chern number changes sign in the excited band, one sees
that the net charge pumped, which is given by C+g +
C−e = C+g−C−g, is not quantised in a single period. The
charge currents from these two insulators apparently have
opposite directions. On the other hand, one note thatH+
and H− correspond to λ = + and λ = − respectively, one
could define a parity or pseudospin current as
js ≡ j+ − j− = (C+g − C−e) q
2Ey
h
=
q2Ey
h
. (18)
One thus has a quantised pseudospin pumping.
Edge states In a Chern insulator, it is well known
that chiral edge states exist in a finite system, and the
number of edge states is directly controlled by the Chern
number of the bulk. Here, we consider the A − B − A
edge of our system, which respects the nonsymmorphic
crystalline symmetry of the bulk. Since the crystal mo-
mentum along the edge, which is defined as qy, is a
good quantum number, one considers a one-dimensional
problem for each fix qy, and the tight binding model
for such one-dimensional system is written as hˆ(qy) =
(
∑
σ=↑↓ tˆσ) + tˆ+ + tˆ−+ vˆ, where vˆ = mz
∑
m
(
aˆ†m↑aˆm↑+
bˆ†m↑bˆm↑ − aˆ†m↓aˆm↓ − bˆ†m↓bˆm↓
)
is the Zeeman energy,
tˆσ = t
∑
m
[ (
1 + e−iqy d˜
)
aˆ†mσ bˆmσ + aˆ
†
mσ bˆm−1,σ
+e−iqy d˜aˆ†mσ bˆm+1,σ + H.c.
]
(19)
tˆ+ = t
′∑
m
[ (
1− e−iqy d˜
)
aˆ†m↑bˆm↓ + i
(
aˆ†m↑bˆm−1,↓
−e−iqy d˜aˆ†m↑bˆm+1,↓
)
+ H.c.
]
(20)
tˆ− = t′
∑
m
[ (
1− e−iqy d˜
)
aˆ†m↓bˆm↑ − i
(
aˆ†m↓bˆm−1,↑
−e−iqy d˜aˆ†m↓bˆm+1,↑
)
+ H.c.
]
(21)
and d˜ =
√
2d is the periodicity of such an effective one-
dimensional model along the A− B − A direction. This
Hamiltonian can also be block-diagonalised as hˆ(qy) =∑
λ=± hˆλ(qy) =
∑
λ=±
(
tˆλ + eˆλ + vˆλ
)
, with
tˆλ = λ
∑
m
[
τ
(
sˆ†mλsˆm+1λ − pˆ†mλpˆm+1λ
)
+ H.c.
]
(22)
eˆλ = λ
∑
m
[
τ ′
(
sˆ†mλpˆm+1λ + pˆ
†
mλsˆm+1λ
)
−ζ ′sˆ†mλpˆmλ + H.c.
]
, (23)
vˆλ = (mz + λζ)
∑
m
(
sˆ†mλsˆmλ − pˆ†mλpˆmλ
)
, (24)
where the new basis is sˆm± =
(
aˆm↑ ± e−iqy d˜/2bˆm↑
)
/
√
2
and pˆm± =
(
aˆm↓ ∓ e−iqy d˜/2bˆm↓
)
/
√
2, and the rede-
fined parameters are τ = te−iqy d˜/2, τ ′ = it′e−iqy d˜/2,
ζ = 2t cos
qy d˜
2 , and ζ
′ = 2it′ sin qy d˜2 . For a given qy, each
block, which is defined as h+(qy) or h−(qy), represents
a one-dimensional hybridised s-p model[33–35], as shown
in Fig. 4, and may support edge states with energies (qy)
for certain values of qy.
Either h+(qy) or h−(qy) is a dimensional-reduction of
the Hamiltonian of an ordinary Chern insulator. As
h±(qy) = h±(qy + 4pi/d˜), one sees that the periods of
h+(qy) and h−(qy) double the one of h(qy). Moreover,
h+(qy + 2pi/d˜) = h−(qy) is satisfied, as the A − B − A
edges respects the nonsymmorphic crystalline symmetry.
Thus the edge BZ can be regarded as the one folded from
h+(qy) or h−(qy), and the eigenstates at the edges also
show up in pairs, unless some of them merge into the bulk
spectrum, as shown in Fig. 4. For comparison, we also
show the edge states along the A−A−A edge, which are
the same as those of a conventional Chern insulator, since
such a choice of edge does not respect the nonsymmor-
phic symmetry. For the A− B − A edge, the number of
edge states depends on qy, and there might be one or two
edge states along each edge. For certain values of value
of qy, both Chern insulators corresponding to h+(qy) and
6h−(qy), respectively, have edge states, whereas for other
values of qy, only one of them contributes an edge state.
Such feature of the edge states also has interesting con-
sequence in the quantum pumping, which has an extra
degree of freedom associated with the nonsymmorphic
symmetry. As shown in Fig. 5, an edge state with parity
+ is initially prepared at the right side of the system when
qy = 0. Increasing qy, such edge state gradually emerges
to the bulk and eventually shows up on the other side
of the system, when qy = 2pi/d˜. Note that this is only
half of the period of either h+(qy) or h−(qy). Thus, nei-
ther of them contributes to a quantised charge pumping.
However, the total contribution is a well quantised one.
Moreover, the parity of the edge changes to −. When
qy continuously increases from 2pi/d˜ to 4pi/d˜, there is no
charge pumping between the two edges. However, the
parity at the left side of the system changes to +. When
qy increases to 6pi/d˜ and 8pi/d˜, the right edge is occu-
pied with the parity − and +, respectively. From this
process, one sees that the parity of nonsymmorphic sym-
metry emerges as an additional degree of freedom in the
topological pumping.
Breaking the nonsymmorphic symme-
try Whereas we have been focusing on the lattice
potential that respects the nonsymmorphic crystalline
symmetry, it is useful to discuss perturbations that may
break such symmetry. To concretise our discussions, we
focus on
V ′ = α sin
pi(x− y)
d
sin
pi(x+ y)
d
. (25)
A small V ′ opens up a finite gap δ at the zone bound-
ary between the lowest(highest) two bands. Similar to
other symmetry protected topological states, if δ is much
smaller than relevant energy scales in the unperturbed
system, it is expected that such perturbation will not
change the previously obtained results qualitatively. For
instance, when δ  ∆, the exponentially small mixing
with the highest two bands is negligible, and one is al-
lowed to focus on the Hilbert space spanned by the lowest
two bands. The new eigenstates thus correspond to a uni-
tary transformation of the unperturbed ones, which is de-
noted as U . Correspondingly, the non-abelian Berry cur-
vature, which is gauge dependent, becomes F → U†FU .
Nevertheless, the first Chern number is gauge indepen-
dent, as the trace of the tensor remains unchanged. Thus,
the quantum charge pumping remains unaffected. It is
worth mentioning that, when δ becomes finite, it is cer-
tainly allowed to use abelian Berry phase to compute the
Chern number of each individual band separately. Inter-
estingly, C1 + C2 = C, where C1 and C2 are the Chern
numbers of the first and second bands computed from
abelian Berry curvature, respectively. Such an identity
can be easily seen from F1 + F2 = tr (F), where F1(2) is
the abelian Berry curvature for the first (second) band.
We further consider tuning α in V ′, so that α = 0 cor-
FIG. 4: (A) Schematics of the effective one dimensional s-p
models with lattice spacing d˜/2 and the effective tunnellings
labeled in the figure, which are defined in the text. (B)
Two different boundaries, A-B-A and A-A-A, denoted by the
purple arrows, which have the lattice spacings d˜ and d, re-
spectively. (C,D) Energy spectra with open boundaries for
block-diagonalised Hamiltonians, hˆ+(qy) and hˆ−(qy), respec-
tively. (E) Realistic spectra with A-B-A boundaries with pe-
riod 2pi/d˜ (the region between the two black dashed vertical
lines), which can be regarded as folding from one of the ef-
fective one-dimensional s-p models (with corresponding col-
ors in (C) and (D)) with double period. In the region of
q1pi ≤ |qy|d˜ ≤ q2pi between two dotted vertical lines, the edge
states are doubled in each boundary. (F) Energy spectrum
with A-A-A boundaries as comparison. The solid (dashed)
purple lines represent the edge states on the right (left) bound-
aries. Here we use t′ = t and mz = −t.
responds to a transition point, at which δ vanishes. On
either side of the transition point, C1 and C2 are com-
puted, and we find out that C1 + C2 is conserved, since
F1+F2 = tr (F) is satisfied on both sides of the transition
point.
For a small δ, the qualitative result of Wilson line
remains unchanged, except for a quantitative difference
that it is no longer a step function, but changes smoothly
across the zone boundary, similar to the one-dimensional
system we considered recently [30]. We have also verified
that the results of edge states also remain qualitatively
the same, as shown in the supplementary material. One
could also retain the nonsymmorphic crystalline symme-
try and break the symmetry Mx or My. The nodal
boundary then evolves to a nodal line in the first BZ,
which depends on the microscopic parameters of the sys-
tem(supplementary material). Our system thus provides
7FIG. 5: Schematics of the adiabatic quantum pumping with
A-B-A boundaries. The purple rectangles represent the filled
bulk states and the white circle means a hole therein. The
red and blue solid (open) circles represent the filled (unfilled)
edge states with the nonsymmorphic parities, + and −, re-
spectively. Green circular arrows represent the anticlockwise
direction of the quantum pumping.
physicists a highly controllable platform to create and
manipulate the nodal lines in the momentum space.
Conclusion We have discussed how to fold the en-
ergy bands of a Chern insulator to obtain a new type of
topological matter, whose BZ boundary is nodal. Non-
abelian Berry curvature and nonsymmorphic symmetries
become crucial in such system, and give rise to a number
of unique properties in both the bulk and the edge that
are distinct from ordinary Chern insulators. We hope
that our work will stimulate more studies of non-abelian
quantum topological matters and crystalline symmetries
in ultracold atoms.
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Supplementary Material
Band folding by a transformation in real space
Under the transformation in real space, say b†m↓ → −b†m↓, the tight-binding Hamiltonian 1 in the main text becomes
Hˆ = Tˆ↑ + Tˆ↓ + Tˆ+ + Tˆ− + Vˆ , (26)
where
Tˆ↑ = t
∑
m
(
cˆ†m↑cˆm+d′xˆ′,↑ + cˆ
†
m↑cˆm+d′yˆ′,↑ + H.c.
)
, (27)
Tˆ↓ = −t
∑
m
(
cˆ†m↓cˆm+d′xˆ′,↓ + cˆ
†
m↓cˆm+d′yˆ′,↓ + H.c.
)
, (28)
Tˆ+ = −t′
∑
m
(
cˆ†m↑cˆm+d′xˆ′,↓ − cˆ†m↑cˆm−d′xˆ′,↓ − icˆ†m↑cˆm+d′yˆ′,↓ + icˆ†m↑cˆm−d′yˆ′,↓ + H.c.
)
, (29)
Tˆ− = t′
∑
m
(
cˆ†m↓cˆm+d′xˆ′,↑ − cˆ†m↓cˆm−d′xˆ′,↑ + icˆ†m↓cˆm+d′yˆ′,↑ − icˆ†m↓cˆm−d′yˆ′,↑ + H.c.
)
, (30)
Vˆ = mz
∑
m
(
cˆ†m↑cˆm↑ − cˆ†m↓cˆm↓
)
. (31)
As shown in Fig. 6A, the unit cell is half of that of the original system in Fig. 1A of the main text, because A and
B sublattices are equivalent right now, and we denote the annihilation (creation) operator as cˆ
(†)
m with m being the
coordinate of the lattice site. For convenience, we rotate the coordinate axes by −pi/4, and define x′ = (x − y)/√2,
y′ = (x+y)/
√
2, and the lattice spacing d′ = d/
√
2, as shown in Fig. 6A. The corresponding Hamiltonian in momentum
space is Hˆ =
∑
k Ψ
†
kH(k)Ψk, where Ψ
†
k =
(
cˆ†k↑, cˆ
†
k↓
)
, and
H(k) =
(
mz + Ωk −Nk
−N∗k −mz − Ωk
)
, (32)
is a 2 × 2 matrix. Here Ωk = 2t
(
cos k′xd
′
+ cos k′yd
′) and Nk = 2it′ (sin k′xd′ − i sin k′yd′). Eq. 32 is just one block,
H+(k), of the Hamiltonian Eq. 5 in the main text, and the 1st Brillouin zone (BZ) thus doubles the original one
(Fig. 6B). Likewise, if we use another transformation, b†m↑ → −b†m↑, in real space, we can get another block, H−(k),
of the Hamiltonian Eq. 5 in the main text.
An alternative equivalent model
By a unitary transformation, σx → σz, σz → σx, of the Hamiltonian (Eq. 6) in the main text, we get an alternative
equivalent Hamiltonian as
V (r) = V0(r)σ0 + Vs(r)σz +By(r)σy +Bxσx, (33)
where Pauli matrices can be regarded as real spins. Using the rotated axis by −45◦ as x′ = (x − y)/√2 and
y′ = (x+ y)/
√
2, V0(r) = V
(
cos2 pix
′
d′ + cos
2 piy
′
d′
)
is a spin-independent potential yielding square lattices with lattice
9FIG. 6: Folding in real space. (A) Schematics of tunnelings. After the transformation, b†m↓ → −b†m↓, A and B sublattice sites
in Fig. 1A of the main text become equivalent, and are denoted by red spheres uniformly. Green arrows represent intra-spin
tunnellings with inverse sign of the pink arrows. A reduced unit cell has been highlighted by yellow colour. Other notations are
the same to those of Fig. 1A in the main text. (B) Red region is the 1st BZ of the original system, while addition of the pink one
yields the enlarged 1st BZ of the transformed system. (C) Schematic of the tunnelling along xˆ′ and yˆ′ directions, respectively.
Changing the sign of the local basis in the odd lattice sites of spin-up atom, the model in the main text is recovered.
spacing d′ = d/
√
2, and Vs(r) = Vs cos
pix′
d′ sin
piy′
d′ is a spin-dependent potential with lattice spacing d, as shown
in Figs.7A and 7B. V and Vs are the corresponding potential strengths. The first two terms in Eq. 33 yield a spin-
dependent two-dimensional double-well lattices, along x′ direction of which is an effective one-dimensional double-well
lattice, as shown in Fig. 7C. Bx and By(r) = B sin
pix′
d cos
piy′
d are the space-independent and dependent effective
magnetic fields along x and y directions, respectively. B is the strength of the magnetic field. If we make B = Vs, the
model is just the one we used in the main text.
FIG. 7: The potentials in Eq. 33. (A) The spin-independent square lattice potential, V0(r), with lattice spacing d
′, where
V = ER, ER = h¯
2k20/2M,k0 = pi/d
′, and M is the mass of the atoms. (B) The spin-dependent potential, Vs(r), with lattice
spacing d, where Vs = 0.3ER. (C) The two dimensional double-well lattice potential, induced by both V0(r) and Vs(r), where
V and Vs are taken the same values as those in (A) and (B).
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Measuring the eigenvalue of the nonsymmorphic operators
The nonsymmorphic operator Gx+y shifts the particle along both the x and y directions for half of the lattice
spacing, and meanwhile rotates the spin about the z axis for pi. Physically, the eigenvalue of Gx+y is the phase
difference of the wavefunction at R and R′, where R includes both the real space coordinate and the spin, and
R → R′ under Gx+y. The standard technique for measuring the single particle correlation function can then be
directly generalised to our system[36, 37]. One simply needs to add a pi pulse in the spin space in addition to shifting
a copy of the sample by half of the lattice spacing.
If one is only interested in the parity of nonsymmorphic symmetry λ = ±, a simple Ramsey interferometry can be
used. Preparing an initial state Ψi(r) = [Ψ1k(r) + Ψ2k(r)]/
√
2, its evolution with time t yields Ψf (r) = [Ψ1k(r) +
e−iωtΨ2k(r)]/
√
2, where h¯ω is the energy difference between the lowest two bands at momentum k. Applying a
pi/2 pulse and Ψ1k(r) → [Ψ1k(r) + Ψ2k(r)]/
√
2, Ψ2k(r) → [Ψ1k(r) − Ψ2k(r)]/
√
2, one detects the probability of
occupying the lowest band as P (t) = cos2(ωt/2). Alternatively, applying the nonsymmorphic operator Gx−y to
Ψi(r), one obtains, Ψ
′
i(r) = ie
i(kx−ky)d/2[Ψ1k(r) − Ψ2k(r)]/
√
2. Such nonsymmorphic operation is directly available
by simultaneously shifting the lattice, i.e., changing the relative phase of the lasers, and rotating the spin. One then
repeats the previous steps, the probability becomes P ′(t) = sin2(ωt/2). The phase shift between P ′(t) and P (t) is a
direct consequence of the difference λ between the lowest two bands.
Breaking the nonsymmorphic symmetry
By introducing an additional potential,
V ′ = α sin
pi(x− y)
d
sin
pi(x+ y)
d
, (34)
an energy offset, δ, between A and B sublattice sites is turned on and thus the nonsymmorphic symmetry is broken.
The corresponding tight-binding model is similar to Eq. 4 with only the additional energy offset term in the diagonal
elements. It reads
H(k) =

mz Ωke
iθk 0 Nke
iθk
Ωke
−iθk mz + δ −Nke−iθk 0
0 −N∗keiθk −mz Ωkeiθk
N∗ke
−iθk 0 Ωke−iθk −mz + δ
 , (35)
where Ωk = 2t
[
cos
(kx−ky)d
2 + cos
(kx+ky)d
2
]
, Nk = 2it
′
[
sin
(kx−ky)d
2 − i sin (kx+ky)d2
]
, and θk =
(ky−kx)d
2 . Using this
model, as in the main text, we can also calculate the Wilson loop, which is not a step function anymore but qualitatively
the same to that preserving the nonsymmorphic symmetry, as shown in Fig. 8. The energy spectra with A-B-A
boundaries are also plotted in Fig. 9A, which are also qualitatively the same to those of the system without breaking
the nonsymmorphic symmetry. Though the bulk states can no longer be labeled by the parity of the nonsymmorphic
symmetry, such label still works for the edge state, if its energy is well separated from the bulk by a finite gap such
that the perturbation induced mixing between λ = + and λ = − is exponentially small for the edge state. Fig. 9B
shows λ˜ = 〈φe|Ge|φe〉/(ieipy d˜/2), where |φe〉 is the edge state, and Ge is the nonsymmorphic operator along the A-B-A
edge, as a function of the momentum qy. It is clear that λ˜ remains to be 1 or −1, with exponentially small corrections,
unless the edge state begins to merge into the bulk states, or coupled to edge states with the opposite parity in a
small system.
Evolution from nodal boundary to nodal line
In general, the Hamiltonian Eq. 6 in the main text can be anisotropic along x + y and x − y directions, of which
the potentials become
V (r) = Vx cos
2 pi(x− y)
d
+ Vy cos
2 pi(x+ y)
d
, (36)
Ωx(r) = Ωx cos
pi(x− y)
d
sin
pi(x+ y)
d
, (37)
Ωy(r) = −Ωy sin pi(x− y)
d′
cos
pi(x+ y)
d
. (38)
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FIG. 8: Squared amplitudes of the two elements, W 11 and W 21, of the Wilson loop denoted in Fig. 3A in the main text after
breaking the nonsymmorphic symmetry with the energy offset (A) δ = 0.2t and (B) δ = 0.5t. The other parameters of the
tight-binding model are t′ = t,mz = −3t.
In the following, for convenience, we again use the rotated axes, x′ = (x− y)/√2 and y′ = (x+ y)/√2, and the lattice
spacing d′ = d/
√
2.
In the main text, we have proved that the nodal boundary is protected by both the nonsymmorphic symmetry,
Gx±y, and the symmetries Mx and My. When Mx and My are broken, the nodal BZ boundary turns to a nodal
line. As shown in Fig. 10, the nodal line deforms when changing the anisotropy of either the lattice potentials,
Vx 6= Vy (Fig. 10A,B,C), or the Raman potentials, Ωx 6= Ωy (Fig. 10A,D,E). The nodal line always exists because the
nonsymmorphic symmetry, Gx±y, is preserved, though Mx and My are broken. Interestingly, as shown in Fig. 10, the
nodal line always get through the four X points, i.e. k = (0,±pi/d), (±pi/d, 0), no matter how anisotropic the system
is. Such band crossing points are protected by the inversion symmetry, I: x′ → d′ − x′, y′ → −y′, which, combined
with the nonsymmorphic symmetry, protects the four nodal X points in BZ. To see this, one notices the relation,
IGx−y = Gx−yIT (d,−d), (39)
where T (d,−d) is the translation operator, which translates the state by d and−d along x and y directions, respectively.
For Bloch states, it becomes
IGx−y = Gx−yIei(kx−ky)d, (40)
which shows, at X points, the inversion operator and the nonsymmorphic operator are anticommutative, so the
degeneracy is guaranteed.
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FIG. 9: Breaking nonsymmorphic symmetry. (A) Energy spectra with A-B-A boundaries after breaking the nonsymmorphic
symmetry by δ = 0.2t. The solid and dashed lines represent the edge states on the right and left boundaries, respectively. The
nondegenerate parts with single red or blue colors represent λ˜ ' 1 or −1, respectively, while for the overlapping parts of the
red and blue curves the parity is not well defined. (B) The parity λ˜ of the E/t > 0 edge states for qy > 0 part with δ = 0
(solid), 0.001t (dashed), and 0.1t (dotted). That of qy < 0 is symmetric with respect to qy = 0. The curves terminate when
the edge states merge into the bulk. In the vicinity of qyd˜ = ±pi, edge states are strongly coupled to the bulk and those at the
other side of the system such that the parity is not well defined, corresponding to the overlapping parts of the red and blue
curves of edge states in (A). When qyd˜ = 0 and ±2pi, edge states are separated from the bulk by a finite gap and the parity is
thus well conserved. Other tight-binding model parameters used here are t′ = t,mz = −t.
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FIG. 10: Evolution of the nodal line. The contour plots are the energy difference of the lowest two bands by plane-wave
expansions, and the black curves are the nodal lines. (A) The isotropic case with (Vx, Vy) = (10, 10)ER and (Ωx,Ωy) =
(5, 5)ER. (B,C) The anisotropy induced by the lattice potentials with (Vx, Vy) = (10, 8)ER and (Ωx,Ωy) = (5, 5)ER, and
(Vx, Vy) = (10, 0)ER and (Ωx,Ωy) = (5, 5)ER, respectively. (D,E) The anisotropy induced by the Raman potentials with
(Vx, Vy) = (10, 10)ER and (Ωx,Ωy) = (5, 4)ER, and (Vx, Vy) = (10, 10)ER and (Ωx,Ωy) = (5, 0)ER, respectively. All are with
mz = −ER. ER = h¯2k20/2M is the recoil energy with k0 = pi/d′ and M being the mass of the atoms.
